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ABSTRACT 
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00 , We provide a supersymmetric analysis of the Maxwell fisheye (MF) wave problem at zero 

energy. Working in the so-called Rq = sector, we obtain the corresponding superpartner 
(fermionic) MF effective potential within Witten's one-dimensional (radial) supersymmetric pro- 
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cedure. 
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1. INTRODUCTION 

cr. 



Since it is one of the most symmetric systems in the world, the MF lens has been tackled 
by many authors. The well-known analogs of the optical MF are the Kepler problem 1 and the 
hydrogen atom 1>2 ' 3 . The classical mechanical counterpart of the MF spherical waveguide/lens, 
n{r) = jgr^p , {f < R)i is the motion of a particle with zero energy (i.e., zero velocity at 
infinity) in the spherically symmetric potential U(r) = — ^WTU^T^p ' ^ n ^ ms P a P er we shall 
consider the MF wave/quantum problem at fixed null energy, (or zero-binding energy), [— ^V^+ 
Umf{t)\iI:{y) = 0, with Umf{t) = — n^f^j^rp , where w > is a coupling constant, and R > 

is the radius of the lens. An energy scale £q = h 2 /2mR 2 has been introduced for the potential 
part 4 . 

Demkov and Ostrovsky included the MF wave problem in a more general type of focusing 
potentials 1 bearing their name 5 and characterized by a parameter k, which is unity for the 
fisheye. They have shown that for the cases k = k\/k2, with k\ and &2 integers, i) the classical 
trajectories of a zero-energy (i.e., zero velocity at infinity) particle close after revolutions 
around the force centre, and ii) all the trajectories passing through a given point come to a 
focus after &2/2 revolutions. 

The above wave equation can be written in terms of the scaled variable p = r/R, (hereafter 
the energy scale is to be understood), as follows 



r d 2 2 d 1(1 + 1) w . , , , 

It is quite straightforward to solve the Sturm-Liouville problem, Eq. (1). Moreover, it can be 
turned into an eigenvalue problem for the coupling constant, w, and can also be written as a 
Laplace equation on the four-dimensional sphere 1 . The known results are the following. When 
w assumes the quantized values, w n = 4n 2 — 1, where n is the MF principal quantum number 
(see below), the regular, normalizable ("bound") solutions, decreasing at infinity, read 

^nlm(p) = Rnl(p)Y lm (e, <f>) = ^ + ^ )(2m)/2 C^i-^O^m^, 4>): (2) 

where £ = j^i, n = n r + I + 1, n r = 0,1,2,..., are the MF principal and radial quantum 
numbers, respectively, I and m are the spherical harmonic numbers, C^(£) are the Gegenbauer 
polynomials, i.e., the solutions of the corresponding ultraspherical equation (see Eq. (5) below), 
and J\f n i are the normalization constants. What one gets when the w parameter becomes larger 
and larger is an increase of the degeneracy of the "bound" , E=0 state, but only for the quantized 
values w n . The degree of degeneracy of such a group of states is n 2 , (n = 1,2,3...), similar to 
the electron energy levels in a Coulomb field. 

2. MF SUPERSYMMETRY IN THE R SECTOR 

Since we want to apply the supersymmetric Natanzon-like scheme as discussed for example 
by Levai 6 , we pass to the functions u n i = pR n i fulfilling the one-dimensional radial equation 



r d 2 TT . .. . d 2 1(1 + 1) An 2 - 1 . 

in which we have already included supersymmetric superscripts. The functions u n i are of the 
type /Kp)Cit 1 i_i(C(p)), where /,(p) reads 



p l+i 

MP) = (]_ +p 2)(2Z+l)/2' W 

and the Gegenbauer polynomials, C^, of degree p = n r and parameter q = l + l, are the solutions 
of a second-order differential (ultraspherical) equation of the type 



P(0^ + Qi(0— + Rv(0C(0 = o, (5) 



d 2 C __dC 

with P(£) = 1, Qi(£) = ^z^p and R p (0 = — p ^f^ , in which we emphasized the indexing 
of the R- functions according to the various sectors p = n r (0,1,2,...), which is a quite general 
characteristic of orthogonal polynomials 6 . 

In the Natanzon-like scheme, the following equations can be obtained 

^ + H = Qi(£(p)), (6) 



and 



(0 2 fi (O 2 



e M = Rpitm (7) 



where U e ^ is given in Eq. (3). From Eq. (6) the function fi(p) can be written as follows 

flip) ~ (Z'(p)r 1/2 expll ( ap) QMp))^]. (8) 
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One can then define the 'ground state' by means of the -Ro(C) = sector, within which the 
Gegenbauer polynomials are Cq = 1 for any q. In this simple case, from Eq. (7) one gets 

u;„ = +w?w - ^, P) 

with Wi(p) = —-^lnfi(p). Eq. (9) is the standard Riccati equation in ordinary (Witten) ID 
supersymmetric quantum mechanics 7 . Since we actually know from Eq. (4) the function fi(p) 
in the MF case (one can check that Eq. (8) leads to the same function), a short calculation gives 
the MF superpotential 

w-'W = \ - m 

The effective MF superpartner in the Rq = sector is obtained by changing the sign of the 
derivative in the Riccati equation 



Thus, 



_ 1(1 + 1) (2Z + l)(2Z + 3) 

u eff-—jr- (i . ■ 



and 

+ _ 1(1-1) (2Z + l)(2Z-3) 2(2/ + 1, 

U eff p 2 (1+p 2 ) 2 p 2 (l + p 2 V 



We have plotted U e ^ and for some values of the parameters in Fig. 1. The MF factorization 

operators Amf = ^ + Wmf, and A~^ F = — ^ + VFmf can be used to write the MF fermionic 
equation. From the plot of the MF fermionic potentials one can notice their repulsive nature. 
In the supersymmetric sense this means the dissapearance of the zero-energy 'ground state' for 
the superpartner Hamiltonian. Consequently, the fermionic equation should be written in the 
continuum 

d 2 

H + Ul = AA + Ul = {-—2 + U+ ff ) Ul = k 2 ui, k G (0, oo). (14) 

This equation will be studied elsewhere. Here we remark that in order to get the supersymmetric 
increment in the effective potential we used only the particular solution of the Riccati equation, 
Eq. (9). On the other hand, the connection with the Gel'fand-Levitan inverse scattering method 
requires the general Riccati solution 8 , which we have worked out recently 9 . 

In conclusion, we have presented the supersymmetric structure of the Rq = sector of the 
MF problem. In this way, we were able to introduce the MF fermionic effective potentials. 
Moreover, we have found numerically their trapping region (see Fig. lb). 
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Fig. 1. 

MF superpartners of the i?o = sector in Eq units: (a), for /= 1, 5, 10, and (b), U^ff 
for 1=6, 7, 8. We have plotted Ugjt in the region of the critical (inflexion) angular number, l cr , 
that we have found numerically to be / cr =6.876 for p cr =1.599. The critical I is the entry point 
toward a pocket (trapping) region of U^tt for I > l cr . 
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